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The tidal perturbations in the orbital inclinations of the BE-C, GEOS-I, 
and GEOS-II satellites are analyzed. Effective tidal Love numbers 
and phase angles for the 0 1 , K1 , M2, E 2, PI ' and S2 tides are recov-
ered. The effeetive tidal phase angles tend to be on the order of a few 
degrees. The effective tidal Love numbers are generally less than the 
solid earth Love number k2 of about 0.30. This supports the contention 
of Lambeck, et al. (1974) that the ocean tides give an apparent depres-
sian of the solid earth Love number. Ocean tide amplitudes and phases 
are calculated for the above tides assuming k2 = 0.30 and the solid 
earth lag angle "'2" O. The results show good agreement with 
Felsentreger, et al. (1976) on GEOS-I but not on GEOS-II. The M2 
effective Love number and phase angle are poorly determined, but give 
a lunar acceleration of ~29±15 arc sec/(100yr)2, an energy dissi~ 
pation of -3.6±1.S x 1019 erg/sec, and a tidal function time scale 
of 1.4 x 109 yr when averaged over all three satellites. This is in 
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TIDAL PARAMETERS DERIVED FROM THE PERTURBATIONS IN 
THE ORBITAL INCLINATIONS OF THE BE-C, GEOS-I, 
AND GEOS-II SATELLITES 
INTRODUCTION 
The sun and moon raise tides on the earth; the displaced mass perturbs 
the orbits of earth satellites. These perturbations may be analyzed in order to 
learn about the earth I s tides. 
Early analyses of the tidal perturbations performed by Kozai (1965, 1968), 
Newton (1965, 1968), Anderle (1971), Smith, et al. (1973), and Douglas, et al. 
(1974) were aimed at recovering the Love number IS and lag angle ¢2 of the 
solid earth Lide. The resulting Love numbers were found to be generally 
smaller than the well-known value for k2 of about 0.29 to 0.31 obtained from 
seismic studies (e.g., Longman, 1966). The discrepancy has been ascribed by 
Lambeck (1974) and Lambeck et a1. (1974) to the corruption of the solid earth 
tidal signal by the ocean tides (and to a lesser extent the atmospheric tides), 
which Kaula (1962) showed might be Significant. The ocean tides give the appear-
ance of Love numbers and lag angles which vary from constituent to con~tituent. 
Accordingly, some satellite data have been re-analyzed (Lambeck, et al. 1974; 















We continue with such a re-analysis here by examining the tidal perturba-
tion:s in t11e orbital inclination of three different earth satellites: BE-C (Beacon 
Explorer C), GEOS-I, and GEOS-II. Table 1 gives pertinent information about 
the satellites. Inclination perturbations are analyzed because they give a rela-
tively clean separation of tidal effects from other disturbing forces. 
THE DATA 
The BE-C data consists of 36 laser observations, spanning a 501 day period 
beginning in July 1970. The amplitude of the variation in inclination is about 1.0 
arc seconds (40 meters). For further details, see Smith, et al. (1973). The 
GEOS-I consists of 142 TRANET Doppler observations spaced over 626 days, 
beginning in February 1966. The amplitude of the tidal signal is about 1.2 arc 
, second (36 meters). The GEOS-II data is composed of 113 precision reduced 
, 
camera and TRANET Doppler observations taken over a 651 day period begin-
ning in March 1968. For further details, see Felsentreger, et al. (1976). 
In each case the well-known disturbing forces were modelled and removed, 
so tl1at the remaining perturbations are presumably due almost entirely to t11e 
tides. . 
ANALYTICAL EXPRESSION FOR THE INCLINATION VARIATION 
We now derive an 8.nalytical expression for the total tidal perturbation in 
the inclination of the orbit of an earth satellite by modifying the equation for the 
solid earth tidal potential. 
2 




The solid earth tidal potential expressed in orbital elements is given by 
(Kaula, 1964) 
U = k R2Q+\ B* C "C Qmpq Q E !lm Q.mpq L !tlmhj 
h,i 
(1) 
• cos t v~~Tlpq - VQrnbj - mO * + 1110 + €Qmpq i 
where 
I F (I*)G (e*) B* = Gm* (l:. m) .. C~ = Qmp Qpq 
Qm (Q + 111)!' ~mpqQ+ 1 
a* 
and VQ~pq = (Q - 2p)w* + (Q - 21' + q)M* + mn* 
The starred (*) quantities refer to the disturbing body (sun or moon) and the 
unstarred refer to the satellite. The sign in front of the tidal phase angle En 
x.mpq 
had been minus in Kaula's original formulation; Lambeck, et al. (1974) changed 
the sign to plus, which makes the important phase angles positive'quantities in 
the case of a frictionally-delayed solid earth tidal bulge, We follow the conven-
tion of Lambeck, et al. here. 
We wish to find the total tidal potential Tn caused by the solid earth, 
x.mpq 
oceans, and atmosphere, since this is the potential felt by a satellite. We limit 






the satellite and the evolution of the earth-moon system. (For a discussion of 
fourth degree terms, see below and Appendix 2.) 
In finding the total tidal potential of degree 2 we make the following assump-
tion: the amplitude of the potential and the phase angle become frequency-
dependent. This means that the solid earth Love number k2 in eq. (1) is replaced 
by the effective Love number d. and the solid earth phase angle E, is 
.L.lIlpq .L.lllpq 
replaced bv the effective phase angle 15, • The adjective "effective" is neces-
.. _IIlP,! 
sary since we now refer to the tidal response of the entire earth, and not just 
the solid earth. This procedure takes care of any possible frequency dependence 
of the solid earth Love number, the response of the oceans, and the atmosphere 
tides. The letters "d" and" 15" are chosen to avoid possible confusion with the 
solid earth tides. 
The total tidal potential is now to be substituted in Lagrange's planetary 
equations to find the perturbation in the inclination of the orbit of an earth sat-
elUte. Before doing this, however, let us make several simplifications: (a) omit 
the zero sum -m e *+m 0, (b) consider only terms for which j = 0 andQ = 2h, 
to be rid of dependence on the satellite eccentricity a.nd mean anomaly, and (c) 
consider only terms for which q = 0 to be rid of small terms which depend on 
the eccentricity of the disturbing body. The total tidal potential now becomes 
= Gm* (2 ~ m)! ') ~ Ii -'-'- -'-'-(R)3 (R)3 T 2mpO d 2mpO RE (2+m)! (- Om) a* a 
• F (1*) F (I) cos I P - 'p)(M* + w*) + m,Q,* -mn + 15 I, 2mp 2ml - - 2mpO 
4 
Substitution of this potential 1.nto the Lagrange equation 
... 
. I aTQmpq 1110 =-
""P'l ~M' (I 2)"', 1 ao. 
• E'I -c Sill 
and integration with respect to time yields 
t.1 = 2rnpO 
r (I") 1- (I) • ~2JllP , ..... 2m1 
( 
(2 - mJ! (2 - .s ) -:-:------:-
Om (2 + m)! 
COS{(2-2p)(w*+M*)+mo.*-mo.+o, ()} 
.!Illp 
[(2 - 2p)(w* + M*) + ni2* - mn I 
We have assumed in the integration that the satellite elements, a, e, and I, as 
(2) 
well as the nodal rate 6 are constants. We have also assumed that c:,*+r;I*, 
n *, and 1* remain constant. This last set of assumptions must be removed in 
the case of the moon when considering periods of time longer than a few years, 
due principally to the motion of the lunar node on the ecliptic. 
The tidal inclination perturbation is thus given by 
m,p 
}.]OOll 
where t. lois a constant of integration. 
m,p 
SUIl 
We note in passing several features of eq. (1). First, tides for which m = 0 
do not perturb the orbital inclination; t1ms we obtain no information on these tides. 






over their periods on the earth's surface, due to the replacement of b in the 
frequency by n. Third, there is no way to separate the KlM tide from the KlS 
tide ( Q = 2110), or the KM tide from the K S tide (Q =2210), since in 
mp,! 2 mpq 
either case the periods are the same. A hypothesis is needed to do this. 
ANALYSIS OF THE DATA 
;'!;q. (2) may be conveniently written 
Al = 21111'0 1 cos \ (2 - 2p){w'" + M*) + 111Q* - Il1Q\ 
- 52111pO l sin \ (2 - 2p){w* + M*) + Il1Q* -I11Q\ 
for the analysis of the data. Here c = d cos Ii ,s = d 
2mpO 2mpO 2mpO 2mpO 2mpO 
sin Ii? 0' and the empty brackets denote a factor common to both terms. The 
_mp 
coefficients c, 0 and s, 0 are found from muUiple linear regression, from 
-mp l.mp 
which the effective Love numbers and phase angles may be easily computed. 
The regression analyses for the three satellites were carried out with the 
computer program described in Appendix 3. In each case the tides with t11e 
largest expected amplitudes in eq. (2) were retained in the analysis ar,d the 
smal1er ones ignored. The theoretical amplitudes in the solid earth signal were 
conveniently used to pick out the major contributors. 
Table 2 gives the regression solutions.·The effective Love numbers and 
phase angles for the Ktt, and KlS tides are assumed to be the same; likewise 
for the KIt and K 2S tides. The resulting inclination curves and residuals are 







Another computer run was made in which the effective phase angles of all 
but the K[ tide in the BE-C data and the KI and S2 tides in the GEOS-I and 
GEOS-II data (the major contributors in each signal) were set to zero. No major 
changes in the effective Love numbers (or in those effective phase angles solved 
for) took place. A similar~omputer run was made with only the first 28 points 
in the BE-C data and the first '~2 points of the GEOS·-I data retained. Also, 20 
neighboring points in the GEOS-II data taken from the middle of July to the end 
of September in 1968 were removed and a run made. Aga1n no major changes in 
the effective Love numbers and phase angles took place, indicating the stability 
of the solutions. However, the deleted points in the GEOS-TI data were chosen 
not to disturb the basic signal, due to the spacing of the data. 
Examination of Table 2 reveals good agreement between the BE-C and 
GEOS-I results, but poor agreement between GEOS-II and the other two satellites. 
Also, there is good agreement between our determination of ocean tide param-
et,ers and that of Felsentreger, et al. (1976) for GEOS-I, but no agreement on 
the ocean tide parameters for GEOS-TI (see below). The cause of n11S discrep-
ancy is unknown; hence the GEOS-II results must be treated with caution. 
Most of the effective Love numbers given in Table 2 are smaller than the 
solid earth Love number k2 of 0.29 to 0.31. This is in general accord with the 
ocean tide models and charts given in Table 2 of Lambeck, et ai.. (1974). The 
'i 
only entry in that table which predicts an effective Love nmi'lber greater than k2 
is the 0
1 
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predicts an apparent increase 1n the effective Love number for GEOS-II due to a 
fourth degree term.) The phase angles are on the order of a few degrees, as 
expecred, although some are negative -and the BE-C KJ and the GEOS-II P 
" 1 
effective phase angles are embarrassingly large. Also, the BE-C K2 and GEOS-II 
S2 effective Love numbers are rather large and the GEOS-II PI effective Love 
number is rather small. These presumably reflect the inadequacies of the data. 
However, it will be noted that all three satellites indicate a remarkahly small 
effective Love number for the PI tide, apparently indicating a large ocean tide 
effect. If this effect i~ real it is highl:.' intereSting, since the OJ tide (the lunar 
counterpart of the PI tide) shows no similar behavior. In fact, the 01 effective 
Love number should be larger than k2 according to Dietrich's chart, as men-
tioned above. Unfortunately, we have only one poorly determined effective Love 
number for the 01 tide, and no mathematical models for either the 01 or PI 
tide appear to exis t. 
SEPARATION OF OCEAN AND EARTH TIDES 
We now solve for the ocean tide parameters from the satellite data in the 
manner of Felsentreger, et al. (1976). To do so, we assume that the Udal signal 
consists solely of the solid earth and ocefrn tides; this lumps the small atmo-
spheric tides (principally an S2 tide) with tlle ocean tides. 
Separation of the ocean from the solid earth tides requires knowledge of 
the solid earth tidal response. If we assume the solid earth Love uumber to be 
8 
frequency-independent, then from Appendix 2 we have 
[
C+ ~(2mpO)21ll 
C21llPO = d2mpO cos 02mpQ = k2 cos € 2mpO + Zmp (1 + k~) c+ (2mpO) 2m 
sin e+ ],"cvcn 2m 
cos E;m III odd 
(3) 
s - d sin 2mpO - 2mpO ~C+ cos e+ J III cven (2mpO)2m 2m o 2m pO = k2 sin e 2mpO + Zmp (1 + k;) . + -C(2mpO)2m sm E2m m odd 
(4) 
where € 2mpO "" m<p2 (Lambeck, et al. 1974), <Pl being the solid earth lag angle 
, 
and k 2 the second degree load deformation coefficient. 
The question arises as to what values to choose for k2' k;, and <P2• Let us 
]lick k2 = 0.30 and K;= -0.30, in accord with Longman (1966), and <P2 = 0, in 
accord with a high Q ( ~ 230) for the earth's mantle (see, e.g. Stacey, 1969). 
The two rightmost columns of Table 2 give the resulting ocean tide am]llitudes 
• 
and ]lhases. These are to be compared with Table 2 of Lambeck, et al. (1974) and 
Table 1 of Felsentreger, et al. (1976). 
The ocean tide amplitudes in our Table 2 have absorbed the fourth (and higher) 
degree terms in the ocean tidal potential, which Lambeck, et al. (1974) showed 
9 
to be important for some tides. The fourth degree terms could be solved for 
from observations of two or more satellites, since these terms cause an appar-
ent variation in the second degree effective Love number from satellite to satel-
lite (see Appendix 2). We have chosen not to solve for them here, since the 
differences hetween the effective Love numbers tend to be several times larger 
than those predicted by the ocean tide models and charts; and there are no clear 
trends. 
We may also make a rough estimate of k2 fTom the ocean tides charts and 
models, in the manner of Lambeck, et al. (1974). Fo-r: tlJis we set 
~c+ . + ] m even (2mpO)2m SJJ1 E2m d, '" k? + Z (1 + k~ ) _ ~ mp' _ C+ LOS €+ (2mpO)2m 2m III odd 
and substitute the ocean tide amplitudes and p~)'l.ses in Table 2 of Lambeck, 
et al. (1974) into the right side of this equation and our values into the left. A 
simple average of all charts, models and satellites yields k2 "" 0.27. Perform-
ing the same calculation without the GEOS-II results gives k 2 "" 0.26. 
The effective Love numbers and phase angles of the well-determined tides 
permit an estimate of 1/>2 as well as k 2 • Using the K I tide from BE-C and the 












tides from Table 2 of Lambeck, et al. (1974), we find from eqs. (3) and (4) that 
K2 "" 0.29 and "'2"" 1.5°. Once again an arithmetic average has been taken. 
From "'2 we determine a rough estimate of Q for the mantle, since (see, 
e.g., Stacey, 1969) 
Q'" 
tan €2200 
yielcling a value of 19. Omitting the GEOS-II results yields k2 "" 0.28, "'2 ""4.2°, 
andQ""7. 
Only a sim)'lle arithmetic average is taken in the com)'lutations above because 
we have treatecl the ocean tide models and charts as "observations" without know~ 
ing how to weight them. Further, the quality of the satellite clata prevents us 
from reading too much significance into the numbers (sucl1 as the extremely low 
Q values). Hence the values oom)'luted above indioate only the plausibility of the 
hypothesis that the ooean tides are res)'lonsible for the variations in the effeo-
tive Love numbers and phase angles. 
TIDAL FRICTION 
The evolution of the earth-moon system is clominated by the seoond degree 
terms in the total tidal potential. In faot the seoular rates of ohange of n M ' 
aM' eM' J, Is' 0, and E may all me written 











where X is one of the above-mentioned quantities and the right side of [110 equa-
tion has the form (Appendix 1) 
[Xl =1' s 2mpq 2mpq 2mp!] 
The values of P2 0 are given in Table 5. Note that the s, are determined 
m}> _mpq 
directly from the data by the regression analysis, apart from possible corrup-
" 
tion by the fourth degree ocean tide terms. 
The [X 12mpq may be conveniently arranged in a table, with the entries to be 
fined in as reliable data become available. Our own tentative values are found 
in Table 3. These were computed from the weighted average over all three 
satellites of each s2mpO' Table 4 is similar to Table 3, except that the GEOS-ll 
data have been omitted. 
Our value of uM '" -29 ± 15 arc sec/(100 yr)2, taken from Table 3, compares 
favor~bly with Lambeck's (1975) -34 ± 5 arc sec/(100 yr)2, computed from ocean 
tide models and charts. It also agrees well with the astronomically determined 
valu.es, wMch range from -37.5 ± 5 to -52 ± 4 nrc 8ec/(100 yr)2 (Lambeck, 1975). 
The value of uM '" -17 ± 20 arc sec/(100 yr)2 from Table 4 is barely half the 
current estimates. 
Ou.r value of E '" -3.6 ± 1.8 x 10 19 erg/sec from Table 3 is also in good agree-
ment with current estimates. It is bracketed by Miller's (1966) valu.e of -1.7 x 
1019 ergs/sec, determined from energy dissipation in shallow seas, and Lambeck's 
12 
c , , 




(1975) value of -5.7 x 10 19 ergs/sec, determined from ocean tide charts and 
models. The number quoted in Table 4 is close to Miller'S value, which probably 
represents a lower limit on the energy dissipation. 
On the whole, it would appear that Table 3 agrees better with modern esti-
mates than Table 4. However, Table 3 indicates that the effective phase angle 
of the 8 2 tide is negative, Wilich would speed up the earth's rotation. This is 
reminiscent of Holmberg's (1952) hypothesis that the atmospheric tidal torque, 
which tends to speed up the earth, balances the frictional torque, which tends to 
slow the earth down, thus keeping the earth at a steady rotation rate. The data 
given in Table 3 of Lambeck (1975) does not indicate a negative effective phase 
angle for the 8 2 tide, however. 
Our data on the M2 tide may be used to estimate the time scale of the tidal 
evolution of lhe earth-moon system. Taking (see Appendix 1) 
multiplying each side by a 11/2 and integrating with respect to time yields 
III 
13/2 13/2 - 13/ vi G '1"" MRs [lO ll] 2 '< l a - ao - 6 (1, E + 111M l ME 10 no( ~1 d2200 SIJ1 u 2200 (t - to 
assuming the inclination, Love number, and phase angle remain constant. At the 
early time to when the moon was close to the earth ao "" O. Hence the tidal fric-
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The above equation gives T = 1.4 X 10 9 yr using the weighted average S2200 
value [or all the satellites, and T = 2.4 X 10 9 yr using the BE-C and GEOS-I data 
only. These times are obviously much shorter than the age of 4.6 x 10 9 yr for 
the earth and- moon aetermined by radioactive datrng. A way out of this mile 
scale difficulty has been pOinted out by Lambeck (1975). He notes that the 
tidal torques may have been much smaller in the distant past when the oceans 
did not flood the continental shelves, and that the ocean basin configuration was 
much different than it is now, due to continental drift. 
DISCUSSION 
One might wonder whether the variation in the effective Love numbers is in 
fact due to the ocean tides and not due to frequency-dependence of the solid earth 
Love number. Alterman, et al. (1959) show that k2 does vary with frequency. 
However, the predicted change in Love number over the tidal frequencies is 
much smaller than that observed here. 
Another possibility is core-mantle resonance. The theories of Jeffreys and 






near the diurnal frequency on the same order of magnitude as thai observed 
here. These theories would not explain the observed differences ai frequencies 
away from the diurnal frequency; but core-mantle resonance cannot be ruled 
out as a possible contributor to the Love number variation. 
Our results lend support to the ocean tide hypothesis of Lambeck, ei al. 
(1974), and indicate what can be done when more data become available. They 
also indicate directions for further stlldy. Regularly spaced and densely packed 
laser observations, for instance, would give good information on the short-
period M2 tide. Observations of a low-inclination satellite wOllld also increase 
the amplitude of the M2 Signal, thus deiermining it more reliably. If the effec-
tive Love number of the PI tide is really as small as Ollr data suggests, then a 
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We discuss here the rates of charge of the lunar orbital elements and the 
orientation and spin of the earth under the influence of tidal friction, and the dis~ 
sipation of tidal energy. 
We treat the earth-moan-sun system as two separate systems, namely 
earth-moon and earth-sun. Strictly speaking, tMs is impermissable, since we 
are dealing with a three body problem. However, the errors made in doing this 
are small compared to the uncertainties in determining the effective tidal Love 
numbers and phase angles. 
In the following equations we follow the formalism of Kaula (1964), using 
the sign convention of Lambeck, et al. (1974) and the corrections for the two 
body problem of Rubincam (1975, Appendix 1). 
The secular rate of change in time of the lunar semimajor axis is given 
by (Kaula, 1964) 
where 








The moon's mean motion n M is related to aM by 
so that 
dnr-.l _ .., JaM ill - - ~/2 v' G(M E + 111 M ) a;;f/2 ill 
Thus 
(Q - Ill)! 
(2-°0",) 
(Q+ m)! 
The comJIlonents of tbe rate of change of the lunar orbital eccentricity are 
given by (Kaula, 1964) 
• _ _ _ _ _ _____ _ 111M 
[eM 1 Q",pq = vi G(M E + 111M ) _. 
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Let us call the angle between the plane of the lunar orbit and the ecliptic ,T. 
Then we have approximately (Rubincam, 1975, Appendix J) 
milt 
R"Q+! (Q-m)J 
I i I = VcUvlE + J11~! ) E P - 0 1 
. .Qmpq 
a2Q+5/2 - 0111 ME ~I (Q + m)! 
We now turn our attention to the earth. Note that both lunar and solar tidal 
friction disturb the earth. This is in contrast to the treatment above, where only 
lunar tidal friction disturbs the moon's orbit. The tidal bulge raised by the moon 
is geared to the lunar motion, but the solar tidal bulge is not. 
From considerations of the conservation of angular momentum the rate of 
change of the earth's equatorial tilt to the ecliptic is given by (Rubincam, 1975, 
Appendix 1) 
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(2 -oom) m 
l-Q + Ill)! 
°lG (e*)F (I*)1 1 c1 sino " 
_Qpq _Qmp Qmpq Qmpq 
Let us now derive the rate of dissipation of tidal energy in the earth 0 
The orbital energy in the center of mass frame is 
GM"m* 
E =- --"-. 
o 2.a* 
and the rotational energy of the earth is 
E=y,crj2 
r -
Therefore the total mechanical energy is simply 
GM 111* • 
E = E + E =_ I + Y2C0 2 
o r 2a* 
Thus the rate of disSipation of energy is 
o GMFm* da" 0 dO 




From the previous equations we derive the relatively compact expression 
(.Q - 111)! 
(2 - Dam) (.Q + 111)! 
[(2-2j)+q)n*-mOl [e 'e*)F (I*)1 2 d sino 
'.Qpq \. Qmp .Qmpq Qmpq 
It will be noted that the above equations all have the form 
[X].Qmpq = PQmpqsQ.mpq 
where X is the quantity of interest, S2mpq = d,,"pq sin Ii~mpq' and P~mp,!is a multi-
plicative factor whose value is easily computed. Table 5 gives the PQmp,! for 
Q = 2 (the degree which domlnates the evolution of the earth-moon system) and 
q = O. In the conmntations for 1', 0 the lunar inclination functions Fn. (1'1)' 
- _mp - x.mp l~ 
which cha.uge with time due to the motion of the lunar mode, are assumed to take 
on their average values. Also, G2pO (e*) is taken to be 1. 
Table 5 gives us some lnsight in determining which tides are import.ant in 
changing what quantities. It is clear that the M2 tide governs the rates of change 
of n M, aM' 6, and E. The 0 l' K~I, amI M2 tides appear to be about equally im-
portant in changing J and Is' The table gives the appearance of the M2 tide gov-
erning the change in eM ; but it is probably the N2( Qmp,! = 2201) and L2 (Qmp'l = 
25 
l 







220(-1» tides which dominate the change in the lunar orbital eccentricity. These 










We wisll to show here how the ocean tides combine with the solid earth tides 
to give the total tidal potential, as explained by Lambeck, et al. (1974). 
The potential of a particular ocean tide constituent n is given by (Lambecl" 
el al., 1974) 
4r.GR~ L L 1 +k! (R:)' + U = S C '\tllO)GslIl'(e) n a Pw 1+25 IlsI 
~;;(.u.\' + 
( Sin] 
-cos I I ,- t 'I'en (5 - 2u)w + (S - 2u + v)M + t(Q - 0) ± 2r.nrT+ e~1 S - l odd 
Note that a spherical harmonic in the tide-raising potential excites many spheri-
cal harmonics in the ocean tide response; hence the summations in the equation 
above. 
We may simplify the expression above by getting rid of small terms which 
depend upon the satellite's mean anomaly M and eccentricity e by setting v = 0, 
G'1I0 (e) '" I, and s - 2u + v = 0 (which implies s is even and u = s/2). The equa-





I + 2s 
I I ,-Iel'en I(Q - 0) ± 2r.nrT + e;t s-todd 
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Let us now convert the tidal frequency into orbital elements with the cor-
respondence 
-2rrnfT= (Q - 2p)w* + (Q - 2p + q)M* + m(n* -0) -mrr. 
The correspondence is not exact (Lambeck, et al., 1973) and more detailed con-
sideratiolls must be given if the period of time un mer consideration is more than 
a few years. We now have 
1 + k' 
s 
1 + :ls 
-I-
C F (I) (Q.mpq)sl st (5/2) 
. [Sin] 
-cos \ Is-teven t(n-O)+ [(Q-2p)w*+(.Q-2p+q)M*+m(n*-O)-mrrl +E~t s- todd 
where the subscript n has been replaced by (Qmpq). 
Let us now get rid of terms which depend upon the earth's rotation O. The 
-





-cos \ I s-meven -[ (.Q - 2p)w* + (Q - 2p + q)M* + mn* J - mn + mrr + E+ Sill ii-Ill odd 
[
- sin 1 \ jill even (Q - 2p)w* + (Q - 21' + q)M* + mn* - mn - <Ill 
cos III odd 
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cos I(Q - 2J»w* + (Q - 21' + q)M* + mn* - mn - E+ \ Sill m even III odd 
; 3:~E (;;:) J~ .... (: :::) (~Erl C12mpq)sJsm(si2) (I) 
m 
c+ sin e+ 
cos! \ 
- C+ cos e+ sin I \ (Qmpq)sm Sill (Q.mpq)slll S111 III even 
C+ cos e+ 
"(2mpq)sm 5111 cos 1\ + C+2 sin E+ { mpq)slll SI1l sin 1 \ III odd 
where the empty curly brackets mean 
1\; (Q - 2p)w* + (Q - 21' + q)M* + mn* - mo.. 
Compare this to the solid earth tidal potential, which fOl-Q '" 2; m > 0; 




(1 + m)! 




- k') sin E, u sin 1\ 
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Assuming that the total tidal potential is composed of the solid earth and 
ocean tides only. one may show from the expressions for the ocean and solid 
earth tidal potentials that c+ sin E+ III even 
and 
where 
+Z • 5/9(1+k') (RI~2 
mp 4 a I 
[ (R,)2 + Zmp ·5/9(1 + k~) ai, 
(2mpO)2m 2m 
c+ cos €+ (2mpOJ2m 2m III odd 
c+ sin E+ III even 
'(lmpO)4m 4m 
c+ cos E+ (2mpO)4m 4m m odd 
tI1cvcn 
c+ . " 
- (2mpO)2m 8m E2m m odd 




Zmp = 3/ lO 
(2 + Ill)! 
(2 - m)! (
M ') I! )/a*)3 
m: ~:: \RE 
The term in brackets at the end of each of the above equations for d? 0 cos 0, 0 
_mp _rnp 
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Love numbers and phase angles will be corrupted by the fourth degree ocean tides, 
if the fourth degree terms are not solved for. 
Care must be taken when solving for the effective Love numbers and phase 
angles of the Kt' and K~ tides. The reason is that the C+ and e+are given for the 
K, = K~' + K~ tide, and not for the K~'and K~ tides individually. Some hypothesis 
is needed to decomposE' the K 1 into the K~' and K~ tides. Similar statements hold 
MS. for the K 2 and K 2 tIdes. 
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The computer program solves for the effective frequency-dependent tidal 
Love numbers and phase angles for the whole earth (solid earth + oceans + 
atmosphere). It does it by performing a multiple regression analysis on the 
observed tidal perturbation in tlle inclination of the orbit of an earth satellite. 
It also solves for ocean tide amplitudes and phases from the Love numbers and 
lag angles found from the regression analysis, given an assumed tidal response 
for the so lid earth. 
All tides are considered to be of second degree only, and only tides which 
depend on the first power of the orbital eccentricity of the disturbing body are 
retained; hence the subscripts on the inclination and eccentricity functions run 
as follows: Q = 2; m = 1, 2;p = 0,1,2; and q = -1,0,1. Within these limits, any 
combination of tidal constituents may be chosen to fit the data, giving their ef-
fective Love numbers and effective phase angles. Also, the phase angle of any 
constituent solved for can be set to zero, re8ulting in a solution for the Love 
number only for that constituent. There is no restriction on the number of dif-
ferent regression analyses that can be carried ont on the data during a run of 
the program. For example, the sample data cards given in the listing of the 






















In practice only the few constituents which give the largest signal in the 







gives the theoretical amplitudes and periods of all the constituents in the solid 
earth signal, given an assumed Love number for the s()lid earth, such as 0.30. 
These can be used as a guide for picking out the important constituents. The 
subroutine also gives a sample plot of inclination vs. time, if this is desired. 
The precession of the lunar orbit around the ecliptic requires a certain 
amount of averaging to be done on the input data for the moon; this is explained 
in section D. Suffice it to say here that the motion of the lunar node and the 
moon in its orbit with respect to the earth's equator are average rates over the 
data span; the inclination of the lunar orbit to the earth's equator is assumed to 
be constant and equal to its average over the data span. If the data span is longer 
than four or five years, then a different program taking the precession of the 
orbit into account more exactly will be needed. 
B. THE EXPRESSION FOR THE TIDAL INCLINATION PERTURBATION 
The expression for t11e tidal inclination perturbation is 
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I (0 - 0,,) (w* + M*) + llM* + IllQ* - IllQ + Ii I - -[ 211ipq 
1(2 - 2p) (c:.,. + ~·i*) + q~l* + mD.,* - 1110, I 
The program names of the variables in the above equation and in which sub-
routine they are computed are given below. 
Variable Program Name Subroutine 
d 2mpq YKM(LM.LP,LQ),YKS(LM,LP,LQ) REGRES,LOVNUM 
°2mpq EPSLNM(LM,L?,LQ),EPSL!'IS(LM,LP,LQ) REGRES,LOVl-IUM 
2 (2 - m)! 1l1(LM) BLM (2 + m)! 
111 YLM LOVNUM 
Gm* R~ 
v'GM E a*3 a7/2 
CFNTM,CFNTS COEFF 
1* XIMOON,XISUN READMS 
F (1*) 2mp AI (LM,LP),B(LM,LP) INCL 
Xl RDSAT 
F (I) 2mp C(LM,LP) INCL 
e* EMOON,ESUN ECCFUN 
G2pq (e~) GLPQM(LP,LQ),GLPQS(LP,LQ) ECCFUN 
sill '0 SS MAIN 
':'* + rVl* XNDM,XNDS READMS,MAIN 
1.1* XMDOnLXMDOTS READMS,MAIN 
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Variable Program Name Subroulinc 
n* OMGDOT READMS 
n Q RDSAT 
(2 - 21') (e:,* + ~I*) 
+ qM* + ni2* - m.Q. 
ARGDTM(LM,LP,LQ),ARGDTS(LM,LP,LQ) ARGDOT 
w*+ M* XNDM*(TT-TMS)+DELMN_ READMS,ARG 
XNDS*(TT·TMS)+DELSUN 
M* XMDOTM*(TT,TMS)+XMEANM, READMS,ARG 
XMDOTS*(TT-TMS)+XMEANS 
Q* OMGDOT*(TT-TMS)+OMEGAM, READMS,ARG 
OMEGAS 
Q Q*(TT-TZERO)+XNODE RDSAT,ARG 
co, \ I ARGUM(LM,LP,LQ),ARGUS(LM,LP,LQ) ARG 
ilia ANS(I),XIO REG RES,LOVNUM 
The regression coefficients are found by writing 
111 = d cos Ii [ 2mpq 2mpq 2mpq 1 cos 1(1- 21') (w* + M*) +qM* + m.Q* -m.Q! 
-d 'Ii [ 21l1pq S1I1 2mpq- I sin I (2 - 2p) (w* + M"') + qM* + m.Q* ~m.Q I 
so that the data are of the form 
where the regression coefficients a j are d 2mpq cos 1i 2mpq and -d 2mpq sin 1i2mpq' and 
b is 1110, d2mpg and 02mpg can obviously be solved for from the regression coeffifJlents. 
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The program begins by reading in the satellite data; the sun and moon data; 
TSTART, TEND and DT; the assumed solid earth Love number and load de-
formation coefficient; and the solid earth tidal lag angle. Next, parts of the 
tidal inclination perturbation are computed. Subroutines TIME1 and CORRES 
are called, which are used in the plotting and printing of the inclination pertur-
bation and ~'esiduals against time. 
The program then reads in JTHORY and JPLOT; if JTHORY = 0, then the 
regression analysis is done wihtout calling subroutine THEORY. If JTHORY = I, 
then subroutine THEORY is called but no regression analysis is done. JTHORY 
'" 2 does both. If subroutine THEORY is called and a sample plot of the solid 
earth signal is desired, then JPLOT should be 1. If no plot of the solid earth 
signal is desired, tben set JPLOT = O. 
The regression analysis begins by calling subroutine LASDTA, which reads 
in the observed inclination. Subroutine REGRES is then called, which reads data 
cards to determine what constituents are to be solved for. The comments given 
in REGRES tell how to pick the constituents. Subroutine REGRES computes the 
regression coefficients and their errors, prints them and calls subroutine 
LOVNUM. 
Subroutine LOVNUM computes the effective frequency-dependent Love 
numbers and phase angles and their errors from the regression coefficients and 






by subtracting out the solid earth tide. All of these results are then printed and 
the inclination f.nd residuals vs. time are printed and plotted. 
D. SAMPLE INPUT 
The sample input is listed in the main program. Each data card (number) 
and each number on the data card (letter) are discussed below. 
1. The satellite name and when the data were taken are given. 
2. a. The semimajor axis of the orbit is 8.07291 x 108 cm. 
b. The eccentricity of the orbit is 0.0726. 
c. The rate at which the node progresses along the earth's equator is 
-2.246536 degrees/day. This figure is obtained by noting that on Feb. 7, 
1966 near the beginning of the data span the node position was -109.08202 
degrees, and on Oct. 26, 1967 near the end of the data span the node posi-
tion was -75.41322 degrees. (All times are 0 hours UT.) Hence the. 
rate is 
~1440 + 109.08202 - 75.41322 
626 = -2.246536 degrees/day 
where the ~1440 == -4(360) indicates four complete 1'evolutions of the 
node. 
d. The incUnation of the orbit is 59.38053 degrees with respect to the 
earth's equator. 
37 
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f. The node position of the satellite at time TZERO was -109.08202 de-
grees. 
The American Ephemeris and Nautical Almanac (Nautical Almanac for short) 
and Figure 7 are used for obtaining the numbers on the next two data cards. 
3. a. The positions of the moon and sun are given for Feb. 4, 1966 in the 
Nautical Almanac, near the beginning of the data span; hence TMS is 
taken as TMS = 35.0. On this day the position of the lunar node on the 
ecliptic was n = 60.8500 deg'rees, according to the Almanac. The posi-
tion of tIle lunar node on the earth's equator is found from the formula 
t'm n* == sin J sin 0. 
, sin I cos J + cos I sin J cos Do 
where J'" 5.1453964 degrees = incliuCLtion of the lunar orbit to the 
ecliptic, and I = 23.44319 degrees = inclination of the ecliptic to the 
earth's equator. Solving the equation gives n*= 10.1'170 degrees. 
b. DELTA 1 is w* + M* (measured from tlle earth's equator); so 
DELTAI =w*+M*=«-n+c 
where « and n are given by the Almanac and c is the arc sllOwn in 
Figure 7. c can be found from the formula 
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where 1*, the inclination of the lunar orbit to the earth's equator is given 
by 
cos 1* = cos 1 cos J - sin 1 sin J cos n 
We find that on Feb. 4, 19661* = 26.3140 degrees, c = 51.6092 degrees, 
« = 115.2340 degrees, and n = 60.8500 degrees. Hence DELTA1 = 
105.9932 degrees. 
c. The nodal position of the sun is always 0.0 degrees. 
d. DELTA2 = w * + M* for tlle sun is 313.7163 degrees, accordillg to the 
Almanac. 
e. The speed at which the moon moves around in its orbit averaged over 
the data span is XNDM1 = ~* + M* = 13.183848 degrees/day. This is 
found by comJ!luting the lunar position on Oct. 27, 1967 at the end of the 
data span. We find t1,at n* = 5.0417 degrees, 1* = 28.1025 degrees, 
c = 22.9427 degrees, and w* + M* = 131.8174 degrees. Subtracting 
this last figure from w* + M* for Feb. 4, 1966 and making allowance 
for 23 revolutions of the moon gives 
XNDM1 = 23(360) + 131.8174 - 105.9932 == 13 183848 d /d 630 . egrees ay. 
f. The average sJ!leed of the moon's node on the equator is 





4. a. The inclination of the moon's orbit to the earth's equator averaged over 
the data span is 
XID1 = 26.3140 + 28.1025 27.2082 degrees 
2 
b. The inclination of the solar orbit to the earth's equator is 23.44319 de-
grees. 
c. TMS is 35.0 days (Feb. 4, 1966). 
d. The position of the lunar mean anomaly on Feb. 4, 1966 is « - 1" = 
331.5588 degrees, according to the Almanac. 
e. The solar mean anomaly on Feb. 4, 1966 is 31.3590 degrees, according 
to t11e Almanac. 
5. a. TSTART is 37.0 days (Feb. 6, 1966). 
b. TEND is 666.0 days (Oct. 28, 1967). 
c. DT is 2.0 days. 
6. a. The solid earth Love number is taken to be 0.30. 
b. The load deformation coefficient of the solid earth is taken to be -0.30. 
7. The solid earth tidal lag angle is taken to be 0.0. 
8. a. Both the theoretical amplitudes and regression analysis are wanted, so 
JTHORY= 2. 
b. A plot of the theoretical tidal signal is wanted, so JPLOT = 1. 
9. a. There are 142 data points. 
b. TDAY is 38.5, since this is the date of the first data point and the time 




10. a. The tidal inclination perturbation of the first data point is -1.1594475 
arc seconds. 
b. The time of the first data point is 0.0 days. 
11. a. The tidal inclination perturbation of the second data point is -0.89708115 
arc seconds. 
b. The time of the second data point is 13.0 days after the first. 
12-151. The rest of the data cards. 
152. a. The name of the satellite is GE08 I. 
b. There are 142 data points. 
c. There are 68 independent variables + 1 dependent variable = 69 vari-
abIes. 
d. Two subset selection cards follow. 
153. a. Eight variables are chosen for this regression analysis. 
b-i, Fit the KI tide (9 and 10), the K2 tide (27 and 28), the PI tide (39 and 40), 
and the 8 2 tide (55 and 56) for effective Love numbers and phase angles. 
154. a. Seven variables are chosen for this regression analysis. 
b-c. Fit the K I and 8~ tides for effective Love numbers and phase angles 
(9 and 10, 55 and 56). 
d-g. Fit the M2, ~, and PI tides for effective Love numbers but no 
phase angles (which are forced to be zero). 
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Tab le 1 
Orbi tal Data for the BE-C, GEOS-I, and 
GEOS-II Satellite s 
Semimajor Ax is Incl ination 
(10' cm) (degrees) Eccen tricity 
7.5022 4 1.1 667 0.015 
8.0719 59.3805 0.073 
7.7052 105.7896 0.033 
l'JU£EDlNG PAGE BTHTY7 -"'~4. NOT Fn.MfiJ>. 
8 7 
t , 









Tidal Parameters Derived from the Multiple Linear Regression Analyses of the Tidal Perturbations 
in the Orbital Inclinations of the BE-C, GEOS-I, and GEOS-II Satellites 
(The errors indicated are the formal statistical errors. ) 
Period Amplitude ~2I1lPO C· • Satellite Tide 2mpq d211lPO € C s2mpo '0. 2m (days) (arc sec) 201PO (deg) (cm) (deg) 
0, 2100 11.8 0.09 0.276 ± 0.077 -0.018 ± 0.088 0.28 1 0.08 - J.6± 18.1 3.0 ± 8.1 144 ± 163 
K I 2110 84.8 O.MO 0.254 ± 0.0 I 0 0.Q25 ± 0.007 0.26 ± 0.01 5.7 ± 1.6 6.9 ± 1.2 19 ± 8 
BE-C M, 2200 10.3 0.11 0.104 ± 0.053 0.030 ± 0.054 0.21 ± 0.05 8.4 ± 15.1 10.3 ± 5.4 187 ± 3 1 
'S. 2210 42.4 0.12 0.322 ± 0.065 0.128 ± 0.072 0.3$ .!: 0.06 11.7± 11.6 2.1 .t L~ 10 ± 18 
P, 2100 57.8 0.13 0.205 ± 0.036 -0.016 ± 0.041 0.21 ± 0.04 -4.5±11.4 3.8 ± 1.5 170 ± 24 
S, 2200 34.4 0.20 0.253 ± 0.030 0.025 ± 0.030 0.25 ± 0.03 5.6 ± 6.8 2.5±1.4 298 1 33 
°1 2 100 12.6 - - - - - -
K, 2110 160.8 0.73 0.241 ± 0.005 0.011 ± 0.005 0.24 ± 0.01 1.7± 1.3 7.9±0.7 11 is 
GEOS·I M, 2200 11.7 0.15 0.251 ± 0.027 0.017 ± 0.027 0.25 ± 0.03 3.9 ± 6.1 5.3 ± 2.8 289 ± 29 
K, 2210 80.4 0.18 0.184 ± 0.034 0.000 ± 0.035 0.28 ± 0.03 0.0 ± 7.1 0.3 ± 0.6 ~70 ± 122 
PI 2 100 85 .• 4 0.09 0.181 ± 0.044 0.010 ± 0.045 0.18 ± 0.04 3.3 ± 14.2 4.8 ± 1.8 185 ± 22 
S, 2200 55.7 0.39 0.197 ± 0.012 0.034 ± 0.012 0.30 ± om 6.6 ± 2.3 1.7 ± 0.6 355 i 20 
0, 2100 14.4 - - - - -
K, 2110 255.4 0.81 0.257 ± 0.021 -0.046 1 0.013 0.~6 ± 0.02 -10.2 ± 2.7 84 ± 2.2 313 ± 16 
GEOS·II M, 2200 15.3 0.25 0.242 ± 0.025 0.050 ± 0.Q25 0.25 ± 0.02 11.7 ± 5.7 7.8 ± 2.5 JII ± 18 
K, 2210 127.7 0.44 0.306 ± 0.023 0.012 ± 0.029 0.31 ± 0.01 2.2 ± 5.3 0.2 ± 0.5 28 ± 105 
P, 1100 629.8 0.28 0.050 ± 0.022 -0.107 ± 0.037 0.12 ± 0.03 -65.0 ± 12.3 10.9 ± 1.0 157 ± 7 
S, 2200 434.7 4.58 0.340 ± 0.007 -0.01 5 ± 0.004 0.34 ± 0.01 - 2.5 ± 0.6 2.1 ± 0.3 111 ± 6 
L- ______ _ 
-- -- -- - - -













(f 109 yr) 
J 








Secular Changes in the Moon's Orbit and the Earth's Orientation 
and Spin, and the Dissipation of Energy for Selected Tides 
(The entries are a weighted average over all three satellites 
The errors indicated are the formal statistical errors) 
IXl . (Moon) 
'(mpq IXI . (Sun) ~IIlPli 
2100 2 110 2200 :!~IO 2100 2110 2200 
3 ± 13 0 -19 ± 15 0 - - -
-0.4 :': 1.9 0 4.3 ± 2.2 0 
- - -
0.0 ± 0.001 0 -0.002 ± 0.00 I 0 - - -




-1.9 ± 9.2 -0.7 ± 0.3 3 .2 ± 1.6 -0.1 ± 0.2 -1.0 ± O.S -0.2 ± 0.1 -0.2 ± 0.1 
0.3 ± 1.4 
-0.1 ± O.I -6.3 ± 3.2 -0.0 ± 0.1 0.1 ± O.I -0.0 ± 0.1 +0.4 ± 0.2 
0.1 ± 0.7 -0.1 ± O.I -3.6 ± 1.8 -0.0 ± 0.1 0.1 ± 0.1 -0.0 ± 0.1 +{).2 ± 0.1 
~.=""""'"'~ ",;-"',""",! .I¢'P1S- .. -,"*"","!"!..,.~ ~,??j!!!ll 






-0.0 ± 0.1 
-0.0 ± 0.1 
-0.0 ± 0.1 
f';i,"- t ~~".,..--""""" " ,,' """""',~ , 
Table 4 
Secular Changes in the Moon's Orbit and the Earth's Orientation 
and Spin, and the Dissipation of Energy for Selected Tides 
(The entries are a weighted average over the BE-C and GEOS-r satellites 
The errors indicated are the formal statistical errors) 
. - -- 1 
IXI Q",,,,, (Moon) IX) Q (Sun) mpli 
~I 2100 21 10 noo 22 10 2100 2110 2200 2210 
11M 
? ) 3 ± 13 0 -17 ± 20 0 (arc sec/( I 00 yr)- ) 
<r> aM ------ j 0 
-0.4 ± 1.9 0 2.4 ± 3.0 0 (clII/yr) 
. 
eM 
0.0 ± 0 .001 0 -0.00 I ± 0.00 I 0 
(/ 10· yr) 
J 
-0.3 ± 1.5 -0.3 ± 0.1 -0.4 ± 0.5 -0.0 ± 0.1 
(dcg/l O" yr) 
1 , 
-1.9 ± 9 .2 -1.3 ± 0.1 1.8 1 2.3 -0.2 ± 0.2 -0.1 ± 0.7 -0.3 ~ 0.1 0.7 ± 0.2 -0.0 ± 0.1 
(deg/ 10· yr) 
--.. "- - -
0 0.3 1 1.4 -0.2 ± 0.1 -3.6 1 4.4 -0.0 ± 0.1 0.0 1 0.1 -0.0 ± 0.1 -1.3 1 0.4 -0.0 ± 0.1 
(10- " lad/sec') 
E 0.1 1 0 .7 -0.1 1 0.1 - 2.0 1 2.5 -0.0 1 0.1 0.0 t o.1 -0.0 ± 0.1 -0.7 t 0.3 -0.0 ± 0.1 











(/I 0'/ yr) 
J 
(dcg/ IO" yr) 
I , 
(dog/ IO· yr) 
.. 
0 
(1 0 · 12 rad /see' ) 
E 
(10"/ erg/sec ) 
Table 5 
Po for R = 2, q' = 0 for the Quantities Shown in the Left- Hand Column 
~mlhl 
I' 0 (Moon) 
'(ml}'i r 0 (Sun) '(IIII'll 
-
2100 2 11 0 :! 120 2200 22 10 2220 2100 2 11 0 :! 1 ~O 2200 22 10 2220 
- 144.(, 0 +{J.3 - R47 .1 0 +{J.O - - - - - -
+ 21.4 0 -0.0 +125. 1 0 -0.0 - - - -
-
0.0076 0 +0.0 - 0.0447 0 +0.0 
+ 16.7 -18.2 -0. 1 - 19.4 - 1.9 -0.0 
+ I 05.3 -R 1.0 -0.6 + 94.0 -8.4 -0.0 +~2.S - 17.5 -0. 1 +19.9 -1.6 -0.0 
- 15.6 - 14.2 -0.0 -181.8 -1.5 !:'.C - :1.3 - 3.1 -0.0 -38.7 -0.3 -0.0 
--------1 
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Figu.re 1. mcUnation Data and Reg"·'Bssion Curve for BE-C 
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Figare 2_ Resid1!lals for Regression C1!lrve Shown >n Figure 1_ 
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Figl!lre 3. 1nclination Data and Regression Curve for GEOS-I 
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Figure 5, Inclination Data and Regression Curve for GEOS-II 
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Figure 7. Spherical Triangle Used for Computing the 
Moon's Position With Respect to the Earth's Equator 
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